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We consider agame where policemen try to catch a robber on a graph G (as defined by A. 
Quilliot) and we find the exact minimal number of policemen needed when G is a Cartesian pro- 
duct of trees. 
1. Introduction - definitions and notations 
Definitions and notations are classical (see [4]). Graphs considered here are finite 
simple graphs. The Cartesian product of n graphs Gi=(Vi, Ei), l<_i<_n, is the 
graph G with vertex set Vl× V2×... × V n where two vertices denoted by 
(ul, u2 . . . . .  un), (ol, 02 . . . . .  on) (ui, oi belonging to V/, 1 _< i_< n) are adjacent if and 
only if there exists j (1 <_j<_n) such that (uj, oj) ~Ej  and ui= o i, i--/:j. 
Quilliot [5] considered the following game with two players: player A, who plays 
with the policemen places some men (the policemen) on some vertices of G which 
he chooses. Then player B places a man (the robber) on a vertex of G which he 
chooses. They play alternately pushing their men towards an adjacent vertex or leav- 
ing them on the same vertex (please note that all policemen can move at the same 
time or only some of them). Player A tries to 'catch' the robber (i.e., to put a man 
on the vertex occupied by the robber). A general question is, given a graph G, how 
many policemen are necessary in order to catch the robber. For results on this pro- 
blem one can consult [1], [2], [3], [5]. In particular, Quilliot indicates that on the 
Cartesian product of n trees, n policemen can catch the robber. In this paper we find 
the exact minimal number of policemen eeded. 
2. The results 
We prove that on a Cartesian product of n trees (with cardinality of vertex set 
>_2), V(n+ 1)/2 7 policemen can catch the robber while V(n-1) /2  7 cannot suc- 
ceed. To prove these results we begin with the following lemma. 
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Lemma 1. On the Cartesian product o f  two trees Tj (i = 1, 2), one policemen can 
catch a robber i f  the latter is not allowed to stay indefinitely on the same vertex. 
Proof. We only give the strategy for the policeman. Let us call ith coordinate 
(i = 1, 2) of a vertex v = (vl, v2) the vertex vi belonging to T/and di the distance bet- 
ween the vertices occupied by the policeman and the robber on the tree T~. The 
strategy for the policeman is the following: 
(a) if dl + d2 is even: do not move; 
(b) if dl + d2 is odd: move to a vertex which decreases max(d l, dE). This strategy 
implies that dl + d2 does not increase and from time to time will strictly decrease 
until it reaches zero. The proof is easy and left to the reader. 
Theorem 2. Let G be the Cartes&n product o f  n trees Ti. Then F(n + 1)/2] 
policemen can catch the robber. 
Proof.  Obvious if n = 2 by Lemma 1. 
Now let us suppose n > 3 and let us call 'shadow' of the robber a man s whose 
first two coordinates (in the sense of Lemma 1) are fixed and whose all other coor- 
dinates are maintained identical to that of the robber. 
It is clear that one of the policemen can catch s (by induction hypothesis on n). 
From that moment we shall apply the following strategy: the policeman p who has 
caught s will move like the robber each time the robber changes a coordinate (i_> 3), 
will not move if the robber does not move, and if the robber changes one of the 
first two coordinates, will apply the strategy defined in Lemma 1, changing his co- 
ordinates on T1 + T2. 
Please note that by the induction hypothesis, the V(n-1) /2]  remaining 
policemen can catch the robber if, after a certain move, the robber does not change 
one of the first two coordinates. Hence he is forced to change from time to time 
one of his first two coordinates. But the policeman p will catch the robber as the 
game becomes clearly equivalent (for him and the robber) to the game defined in 
Lemma 1. 
Theorem 3. Let G be the Cartesian product o f  n connected graphs T i = ( V i, E i) with 
IVil>_2. Then a robber can always escape i f  he plays against [ (n -1 ) /2 ]  
policemen. 
Proof. Obvious if n = 1. I f  n_> 2, we apply the following strategy for the robber. 
(1) Player B puts his man (the robber) on a vertex at distance d_>2 of any 
policeman. (This is always possible as 
for ] V/] _> 2 (i = 1, 2 . . . . .  n) and the latter is an upper bound for the number of ver- 
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tices in G at distance <_ 1 of  any pol iceman.)  
So the pol icemen cannot catch the robber at their first move. 
(2) After  the pol icemen have played their kth  move, there are some pol icemen at 
distance 1 or 2 f rom the robber and some at distance _> 3 (supposing they have not 
caught him before). 
As the total  number of  pol icemen is _< F (n -  1)/2 7 if there is a pol iceman at 
distance 1 from the robber,  there is some coordinate which is common to all 
pol icemen of  distance 1 or 2 f rom the robber and to the robber.  The robber  will 
change this coordinate (this is always possible as IV/I_> 2). 
The pol icemen at distance d= 1, 2 are then at distance 2 or 3 after the move of  
the robber  (and pol icemen at distance d_> 3 are certainly at distance d_>2). I f  there 
is no pol iceman at distance 1, the robber does not move at all. Hence no pol iceman 
can catch the robber during the (k+ 1)th move and (as they cannot catch him at the 
first move) we have described a strategy which always allows him to escape. 
Theorem 4. [-(n + 1)/2-[ policemen is the exact minimal number o f  policemen eed- 
ed to catch the robber on the Cartesian product o f  n trees Ti= (V i, Ei), I V l_>2. 
Proof .  Theorem 4 is an evident consequence of  Theorems 2 and 3. 
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